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Abstract 

We consider duality transformations in V = 2, d = 4 Yang-Mills theory 
coupled to V = 2 supergravity. A symplectic and coordinate covariant 
framework is established, which allows one to discuss stringy ‘classical and 
quantum duality symmetries’ (monodromies), incorporating T and S dual¬ 
ities. In particular, we shall be able to study theories (like N = 2 heterotic 
strings) which are formulated in symplectic basis where a ‘holomorphic 
prepotential’ F does not exist, and yet give general expressions for all rel¬ 
evant physical quantities. Duality transformations and symmetries for the 
N = 1 matter coupled Yang-Mills supergravity system are also exhibited. 

The implications of duality symmetry on all V > 2 extended supergravi¬ 
ties are briefly mentioned. We hnally give the general form of the central 
charge and the N = 2 semiclassical spectrum of the dyonic BPS saturated 
states (as it comes by truncation of the N = 4 spectrum). 
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1 Introduction 


Recently, proposals for the quantum moduli space of = 2 rigid Yang-Mills 
theories [|l| have been given in terms of particular classes of genus r Riemann surfaces 
parametrized by r complex moduli [Q, r being the rank for the gauge group G broken 
to U{lY for generic values of the moduli. The effective action for such theories, with 
terms up to two derivatives, is described by iV = 2 supersymmetric lagrangians of 
r abelian massless vector multipletsj^, whose dynamics is encoded in a holomorphic 
prepotential F{X^), function of the moduli coordinates (^ = 1, ■ • •, Accord¬ 
ing to Seiberg and Witten |]l|] this effective theory has classical, perturbative and 
non perturbative duality symmetries which reflect on monodromy properties of cer¬ 
tain holomorphic symplectic vectors {X^, Fa{X)), eventually related to periods of 
holomorphic one-forms |]l| 

LO = X^aA + FAP^ . (1.1) 

where a a, (3^ is a basis for the 2r homology cycles of a genus r Riemann sur¬ 
face. The Picard-Fuchs equations satished by the holomorphic vector one-form 
Ui = {diX^, diFA) {i — 1, ..., r) can be regarded as differential identities for “rigid 
special geometry” [Q . To attach a particular algebraic curve to “rigid special geome¬ 
try” is therefore equivalent to exactly compute the holomorphic data Ui, and thus to 
exactly reconstruct the effective action for the self interaction of the r massless gauge 
multiplets once the massive states, both perturbative and non perturbative, have been 
integrated out. Indeed it is a virtue of = 2 supersymmetry that all the couplings 
in the effective Lagrangian, including 4-fermion terms, can be computed purely in 
terms of the holomorphic data. Quite remarkably the quantum monodromies dictate 
the monopole and dyon spectrum of the effective theory which turns out to be 
“dual” to non-perturbative instanton effects 0 in the original G-invariant micro¬ 
scopic theory [§|,|^. 

This paper considers several issues in order to extend the approach pursued in 
the rigid case to the more challenging case of coupling an A^ = 2 Yang-Mills the¬ 
ory to gravity. In particular we shall include in the N = 2 supergravity theory a 
dilaton-axion vector multiplet which is an essential ingredient to describe effective 
N = 2 theories which come from the low energy limit of A^ = 2 heterotic string 
theories in four dimensions 0. Another ingredient is the extension of the “classical 
monodromies” to A^ = 2 local supersymmetry. For rigid theories the classical metric 
is essentially the Cartan matrix of the group G and the classical monodromies are 
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related to the Weyl group of the Cartan subalgebra of G |Q]. For N = 2 supergrav¬ 
ity theories coming from N = 2 heterotic strings, the classical metric of the moduli 
space of the pure gauge sector is based on the homogeneous space 0(2, r)/0(2) x 0(r) 
and the classical monodromies are related to the T-duality group 0(2, r; !Z) 


which in particular is an invariance of the massive charged states]^. This state of 
affair is quite analogous to the analysis performed by Sen and Schwarz |p.2|| for the 
N = 4 heterotic string compactihcations, in which case an exact quantum duality 
symmetry SL{2, S) x 0(6, r; !^) was conjectured ||T^- [T^] and a resulting spectrum for 
BPS states with both electric and magnetic states was proposed. In the N = 4 theory 
the SL{2, TL) X 0(6, r;!Z) symmetry, using general arguments |T^,|T5, has a natural 
embedding in S'p(2(6-|-r); ^), acting on the 6-|-r vector self-dual held strengths 


and their “dual” dehned through 0((^^ = —i 


5C 




TW' 


In generic N = 2 theories, be¬ 


cause of quantum corrections , we do not expect such factorized S — T duality 

to occur anymore]^]. Indeed this can be argued with a pure supersymmetry argu¬ 
ment, related to the fact that once the classical moduli space 0(2,r)/0(2) x 0(r) 
is deformed by quantum corrections, then the factorized structure with the dilaton 
degrees of freedom is lost and a non trivial moduli space, mixing the S and T de¬ 
grees of freedom should emerge. This result is in fact a consequence of a theorem on 
“special geometry 


the 


SUjl,!) 


X 


which asserts that the only factorized special manifolds are 
— series, which precisely describe the “classical moduli space” of 


Uil) ^ 0(2)x0(r) 

S — T moduli. Because of the coupling to gravity, the symplectic structure and iden- 
tihcation of periods, coming from special geometry, is also remarkably different from 
rigid special geometry. Indeed the interpretation of (X^, Fa), A = 0,1,..., r -|- 1 as 
periods of algebraic curves is no longer appropriate to genus r Riemann surfaces, as it 
can be seen from the Picard-Fuchs equations Ip3|,^ and from the form of the metric 
gij — —didjlog i{F— X Fa) of the moduli space p3|-j2^ . In fact special geome¬ 
try is known to be appropriate to a particular class of complex manifolds (Calabi-Yau 
manifolds or their mirrors) and to describe the deformations of the complex struc- 
ture|2^. It is therefore tempting to argue that the quantum moduli space including 


S — T duality and its monodromies is related to 3-manifolds (or their mirrors) with 
h{ 2 ,i) =r + l. 


The paper is organized as follows: In chapter 2 we give a resume of rigid theo¬ 
ries, also discussing duality for the fermionic sector and the physical signihcance of 
monodromies and geometrical data, such as the holomorphic tensor Cijk, related to 
the gaugino anomalous magnetic moment. In chapter 3 we describe in detail the cou¬ 
pling to gravity, the extension of duality to the fermionic sector and the existence of 


- 2 - 





























symplectic bases which do not admit a prepotential fnnction F, as it occurs in certain 
formulations of = 2 supergravities coming from N = 2 heterotic strings. The gen¬ 
eral form of duality transformations and symmetries as they occur in iV = 1 locally 
supersymmetric Yang-Mills theories coupled to matter is also described. In chapter 
4 we use such a formulation where all the perturbative duality symmetries become 
invariances of the action. Then, we discuss the implementation of duality symmetries 
in > 2 extended supergravities for the spectrum of dyonic states. In chapter 5 we 
analyze classical and quantum duality symmetries and give generic formulae for the 
spectrum of the BPS states and the “semiclassical formulae” when the non perturba¬ 
tive spectrum is computed in terms of the “classical periods”. The explicit expression 
for the r = 2 case is given as an example, and the special occurrence of enhanced 
symmetry points is described. The paper ends with some concluding remarks. 

2 Resume of rigid special geometry 

2.1 Basics 

N = 2 supersymmetric gauge theory on a group G broken to 17(1)”, with r — rank G, 
corresponds to a particular case of the most general A^ = 1 coupling of r chiral 
multiplets to r A^ = 1 abelian vector multiplets in which the 

Kahler potential K and the holomorphic kinetic term function are given by 


K = i{FAX^-FAX'") , {FA = dAF) 
Iab = SaObF = Fab 


( 2 . 1 ) 


in terms of the single prepotential T'(Y)|P]. One can show that the Kahler geometry 


is constrained because the Riemann tensor satishes the identity p6|j^] 



( 2 . 2 ) 


with 


9pQ = = 2 Im dpdqF . 


(2.3) 


The lagrangian has the form 



(2.4) 
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where A, B,... run on the adjoint representation of the gauge group G, I = 1,2 and 

(and As we shall see, also £pauii and 

-^ 4 -Fermi Contain the function F and its derivatives up to the fourth. 

The previous formulation, derived from tensor calculus, is incomplete because it 
is not coordinate covariant. It is written in a particular coordinate system (“special 
coordinates”) which is not uniquely selected. In fact, eq.(2.1) is left invariant un¬ 
der particular coordinate changes of the ^ with some new function F{X) 
described by 


X^{X) = A^X^ + B^^Fb{X) + 
F^(X^(X)) = CabX’’ + DBFb{X) + Qa . 


(2.5) 


A B 

where ( ^ ^ ) is an Sp{2r, R) matrix 


A^C - C^A = 0 , B^D - D'^B = 0 , A^D - C^B = 1 , 

and P^, Qa can be complex constants which from now on will be set to zero. 
It can be shown that a function F exists such that IHl 


( 2 . 6 ) 


Fa = 


dF 

dX^ ’ 


(2.7) 


provided the mapping X^ X^ is invertible. 


9^Im = 0 Bianchi identities 

Z ( 2 - 8 ) 

9^Im GAa = 0 Equations of motion 

transform covariantly under (2.5) (with = Qa = 0), so that ,GAa) ^ 

symplectic vector. Here, G^a = gZa = AJ'abF~,^ -|- fermionic terms, where we 

have set Fab = ab in order to unify the notations to the gravitational case^. 
The transformations (2.5) leave invariant the whole lagrangian but the vector kinetic 
term. Indeed, neglecting for the moment fermion terms (see section 2.2) and setting 


It is well known that the equations of motion and the Bianchi identities H [17 [IS 
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for simplicity and = Ga the vector kinetic lagrangian transforms as 

follows _ _ 

Im Im T^GA = 

= Im [T^Ga + 2T^{C^B)^Gb+ (2-9) 

+ T^{C^A)abT^ + Ga{D'^B)^^Gb) . 

If G = B = 0 the lagrangian is invariant. If (7 7 ^ 0,B = 0 it is invariant up 

to a four-divergence. In presence of a topologically non-trivial background, 

(c^aUb I Im 7 ^ 0 , one sees that in the quantum theory duality transfor¬ 

mations must be integral valued in Sp{2r, !^)[Q and transformations with B = 0 will 
be called perturbative duality transformations. 

If i? 7 ^ 0 the lagrangian is not invariant. As it is well known, then the du¬ 
ality transformation is only a symmetry of the equations of motion and not of the 
lagrangian. 

Since = JJab^-^ one also has 

M ={C A DM){A + BM)-^ . (2.10) 

A duality transformation will be a symmetry of the theory if M{X) = M{X), 
which implies F{X) = F{X). 

Note that B ^ 0 means that the coupling constant A/" is inverted and symme¬ 
try transformations with B ^ 0 will be called quantum non perturbative duality 
symmetries. 

The perturbative duality rotations are of the form 

^\C ^ F GL{r) , A^G symmetric. ( 2 - 11 ) 

In rigid supersymmetry the tree level symmetries are of the form 
while the quantum perturbative monodromy introduces a (7 7 ^ 0. 

The general form of the central charge for BPS states in a generic N = 2 rigid 
theory is given by |J| 

\ZhMA’>UFA-n>^^X^\, (2.12) 

where , n^A^ denote the values of magnetic and electric charges of the state of 
mass M. The above expression is manifestly symplectic covariant provided the vector 


A 

0 


0 


- 5 - 


(n^),?T.^^) is also transformed under Sp{2r\%). This equation shows again that a 
duality symmetry can only be a (perturbative) symmetry if S = 0, otherwise the 
vector subspace with = 0 cannot be left invariant. 

If the original unbroken gauge group is G = SU(r + 1), then A G Weyl group 
and A^C is the Cartan matrix < ai\aj > of SU{r + 1)0. 

Eq. (2.10) shows that A + BM has to be invertible in order that the new tensor 
M exists. This is insured by the positive dehniteness of Im A/”, which is the kinetic 
matrix. Here A + BM = dX / dX , so this implies the invertibility of the mapping 
X ^ X. As explained in (2.7), this then also implies the existence of F. We will see 
that in local supersymmetry Mab 7^ Fab-, so that the existence of F is not equivalent 
to the invertibility of Im M, and F not always exists. 

Special coordinates do not give a coordinate independent description of the ef¬ 
fective action. A coordinate independent description is obtained by introducing a 
holomorphic symplectic bundle V = {X^[z)Ma{z)) and holomorphic (1,0) forms on 
the Kahler manifold 

M = dM = {d,X^, d^A) with i = 1,..., r . (2.13) 

In rigid special geometry the Ui satisfy the constraints!^] 

VMj = iCi.kg'"% 

^ ' (2.14) 

diUj = 0 . 


Taking then the metric 

grj = d,djK = i{d^F aB.X^ - djX^dMA) 
— idiX^djX {Mab —^ab) , 

where we used 

djFA=MABdTX'' , 

one may derive the tensor Cijk 

Citp = diX''Vtd„FA - a.FAVtdrX^ 

= diX’^idta^Fs - dta^x-'JlAB) . 


(2.15) 


(2.16) 


(2.17) 
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The integrability conditions on (2.14) yields 


R 


ijkl 


,i — CikpCji-g 


pp 


(2.18) 


The Bianchi identities of (2.18) also imply that Cijk is a holomorphic completely 
symmetric tensor obeying = 0. 

Note that from (2.17) it also follows 

C,jk = d.X^djX^dkX^dAdsdcF , (2.19) 

which in special coordinates rednces to 

Cabc = dAdsdcF . (2.20) 


2.2 Symplectic transformations in the fermionic sector 


In the total snpersymmetric action, the vectors also conple to fermions by terms 
linear in the held strength. We will hrst give the general featnres of the formnlation of 
symplectic transformations in the presence of a fermionic sector, which conld even be 
non-snpersymmetric. Afterwards, we will specify the formulae for generic fermionic 
terms which we encounter in = 2 lagrangians. 

The general form of the Lagrangian, deleting terms which are by themselves 
symplectic invariant, is 


C = + C.C. + £ 4 /. (2.21) 


where are quadratic in the fermions, and £ 4 / are the quartic terms in fermions. 

Then 

A /’ 

= ■ ( 2 . 22 ) 


^ . SC 

Ap.i' ^ ^jz-AkLv 


'' A/iu 


As argued in ref [171, the point where the equations of motions (2.8) are satished is an 
invariant point. Thus, the hrst term of the action is (omitting the obvious A indices) 


Cv = + C.C. 

= -^G-^.F^^ + c.c. 

= + c.c. 

= -id^R-^A'^ + c.c. - 2a^Im G-^A'^ 
= ^R-^F-^’' + c.c. - 2a'^Im G-^A’^ . 


(2.23) 






Therefore 


T| sc^Q — —+ c.c. + £. 4 ^f = iCi 

6 A. 


' ''■''■ ' ^ 4 / 

which should thus be invariant. The Lagrangian (2.21) is then 


(2.24) 


c = + C.C. + C. 


(2.25) 


Now we suppose to be of the form 


= (Pa. - T^abQ^) T-- . 


(2.26) 


where a denotes a new index, whose meaning depends on the model. is a tensor 
not transforming under the symplectic group. Then 


= -1^--^'“' (Pa. - JTabQS) r-^ + C.C. + Cif 

= -i _ a^^Qi) T.~° + c-c- + A/ 


(2.27) 


Invariance of Cinv is then guaranteed if {Q^,Pa) is a symplectic vector, and £ 4 / 
is constructed as the completion of Gb to G in the above formula (plus possible 
completely invariant terms). These completions are thus 


£ 4 / = + c.c. + invariant terms . 


(2.28) 


2.3 Fermions in = 2 rigid Yang—Mills theory 


The coordinate independent description of fermions is given by SU{2) doublets 
(A*'^, A}) where upper and lower SU{2) indices / mean positive and negative chiralities 


respectively 0 . As such the spinors are symplectic invariant and contravariant 


world vector helds. The antiselfdual held strength and positive chiralities spinors 
are in the same N = 2 multiplet, which is, in two component spinor notation,* 




with a,(3 & 5'L(2,C). 


* is 

ap ap j-ii' 


(2.29) 










In our application of (2.26) only T is dependent on the fermions while P and 
Q depend on the scalars X^. The index a is now replaced by z, and we have 


Q^ = d,X ; Pa, = djPA 

where /c is a constant to be determined by supersymmetry. Then 


(2.30) 




^ij ■ 


(2.31) 


This yields 


CT>.^li^-i{M-JI)ABd,X p C.C. 

'^ 4 f =^d,X^djX^(N 'ab — ■^AB)'^ap'^^^^ + + invariant terms , 


(2.32) 


in agreement with Cremmer et al. 


In special coordinates, setting = Xa: the Pauli term reduces to 


>Cpauii = -k dAdsdcPix^X^ - X^Xp)^ 


).A B\ '-T’—CoifS 


+ c.c. , 


(2.33) 


in agreement with the standard = 1 supersymmetric action with Jab = Fab 
||30|| . We see from (2.32) that in rigid supersymmetry the physical meaning of Cijk is 
that of an anomalous magnetic moment. Note that Cijk vanishes at tree-level and 
it is ~ at one loop-level as it must be It is obviously singular at 

< X >= 0. In the SU{2) quantum theory [|l|, the SU{2) symmetry is not restored 
at Af = 0, and then one rather expects such terms to behave as ^ where cq is 
a dimensionless number. The vanishing at tree-level of both Pauli terms and the 
corresponding four fermions terms is consistent with renormalizability arguments. 

The other fermionic terms which are already duality invariant read 


and 



(2.34) 

\il \j^\IJ\mL ~f5^ ^ 
mAa.‘^l3 ^ \ ^ ^IJ^KL ■ 

(2.35) 


Note that, because of eq. (2.18), all couplings in the lagrangian are expressed 
through the teusors Cijk- 

From a teusor calculus poiut of view, all quartic terms but the last come from 
the equatious of motiou of the T/j auxiliary held triplet 0. 
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2.4 Positivity and monodromies 


Let us consider a submanifold of the moduli space of a Riemann surface of 
genus r such that its tangent space is isomorphic to the Hodge bundle. In particular 
the dimension of M.r is equal to the genus r of the Riemann surface . In this case, 
decomposing an abelian differential in terms of the 2 r harmonic forms dual to the 
canonical basis of cycles, we have 

uj = X^{z^)aA + FA{z^)P^ H,i=l,...,r 

/ f f (2 2 ®) 

a A A — 5 a 1 / otA A as = / /5yi A /3 b = 0 , 

where are coordinates on the moduli space submanifold, and 


diuj = diX^UA + diFAl3^ ■ 


(2.37) 


Then the metric, given by the norm 

gij = ^ J ^ = ididj J u A u (2.38) 

is manifestly positive. Using eqs. (2.36), (2.37) we hnd 

grj^id,dj(FAX^-X^FA) 

which coincides with the metric of A = 2 rigid special geometry (2.15) [|l],^. 

Formula (2.37) implies by supersymmetry a similar expansion for the full multi- 
plet (2.29). For the upper component we get a self dual three form 

w = X^aA + GaP^ (2.39) 


on R 4 X Cr when (2.8) hold. We observe that an A = 2, 4D abelian vector multiplet 
can be obtained from dimensional reduction from six dimensions either of a vector 
multiplet or of a tensor multiplet containing a self-dual held strength. This remarkable 
coincidence actually suggests a physical picture for the characterization of this subclass 

t We are aware of the fact that to find an intrinsic characterization of such an aigebraic iocus 
is far from obvious. We thank D. Dubrovin, D. Franco, P. Fre and C. Reina for ciarifying 
discussions on this point. 
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Cr of Riemann surfaces. Namely, they should appear in the compactihcation on R 4 x Cr 
oi N = 1 six-dimensional theory of a self interacting tensor multiplet. 

As shown in ref. 0, the Picard-Fuchs equations for Cr have a general form 
dictated by the differential constraints of rigid special geometry. A general proposal 
for Cr has been given in |@] and can be used to write down the Picard-Fuchs equations 
for the periods and to determine their monodromies. Such proposal can be checked 
by comparing the explicit form of the Picard-Fuchs equations with their general form 
given by rigid special geometry. 

In the one parameter case (G = SU (2)), where Ci is given by the elliptic curve of 
ref. , the special geometry equations reduce to one ordinary second order equation 

+ V)C-\^ -f)U = Q (2.40) 

dz dz 

where F = -^ log e, e = ^ and C is the 3-tensor appearing in (2.14). This agrees with 
the Picard-Fuchs equations derived from Ci. The general solution of this equation 

isg 

t2 p 

with r = being the uniformizing variable for which the differential equation 

,2 

reduces to ^( ) = 0 . 


3 Coupling to gravity 

3.1 Special geometry and symplectic transformations 


The coupling to gravity modihes the constraints of rigid special geometry because 
of the introduction of a U{1) connection due to the U{1) Kahler -Hodge structure of 
moduli space. For n vector multiplets one introduces 2(n + l) covariantly holomorphic 


sections [26,23,27,29 


V={L^,Ma) (A = 0.....n). 


(3,1) 


where 0 is the graviphoton index. 
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The new differential constraints of special geometry are 

ViUj = gijV 

V,V = 0, 

where now T>i is the covariant derivative with respect to the nsnal Levi-Civita con¬ 
nection and the Kahler connection diK. That is, nnder K^K + f + f a. generic held 
■i/;* which nnder 17(1) transforms as '0* —*• has the following covariant 

derivative 

, (3.3) 

and analogonsly for Vj with p ^ p. This 17(1) is related to the 17(1) in the N = 2 
super conformal group, and the weights for all the helds were determined in [p = 
c). In our notations, (L^, Ma) have been given conventionally weights p — —p = 1. 

Since L^, M\ are covariantly holomorphic, it is convenient to introduce holomor- 
phic sections Fa — 

The Kahler potential is hxed by the condition[^ |2^ 

{{L^Ma - L^Ma) = 1 (3.4) 

to be 

K = - logi(X^FA - X^Fa) . (3.5) 


As it is well knownQ [^, the differential constraints (3.2) can in general be solved 
in terms of a holomorphic fu n ction homogeneous of degree two F{X). However, as 
we will see in the sequel, there exist particular symplectic sections for which such 
prepotential F does not exist. In particular this is the case appearing in the effective 
theory of the N = 2 heterotic string. For this reason it is convenient to have the fun¬ 
damental formulas of special geometry written in a way independent of the existence 
of F. 


First of all we note that quite generally we may write 


Ma = A/asF^ 


hAi = '71 AT, fi 


(3.6) 
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(3.7) 


From (3.6) we can define the two (n + 1) x (n + 1) matrices 




pA _ rA ^A^ 


to obtain an explicit expression for A/as in terms of M\) 


as 


A7ae=)Ia7(/ 


(3.8) 


Note that /i^j, fj are invertible matrices and the above expression implies the trans¬ 
formation law (2.10). 


When F exists, A/as has the formP]p7| 


A/as 


Fat. + 2f 


{lmFAr){lmFj:n)L^L^ 

(Im Feq) 


(3.9) 


which tnrns ont to be the conpling matrix appearing in the kinetic term of the vector 
fields. However, as we show below, (3.6) are symplectic covariant and therefore they 
always hold even in some specific coordinate system in which F does not exist. 

In the same way as in the rigid case, from eqs. (3.2) and (3.4) we find 


9ij = KfthjA - hiAfj) = ^(A/'as - J^AT)f!'ff (3.10) 

C^Jk = f!^V,hkA - h^AVjft = ftdj^ATf^ , (3.11) 


which are symplectic invariant. (Note that Mat has zero Kahler weight). 
Furthermore, the integrability conditions (3.2) give|]3[| [p6| p^] ||29|| 


^ijik 9ij9ik F FJiipC-^-9^'^ , (3-12) 

replacing eq. (2.6). 

Here Cup is a covariantly holomorphic tensor of weight p — —p = 2, 


VjMjk = - djKMjk = 0 , (3.13) 

which implies djWijk = 0 with Cijk = e^Wijk- 

Some additional consequences of the previous formulae are the following: from 
Pi Fa = M AT'FiX'^, applying Vj to both sides we also find 


VjViFA = djMAT'FiX'^ +77ATFjViX^ , 


(3.14) 
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which implies, using the third line of (3.2), 


(Fa - = djJf ai:V,X^ . (3.15) 

Note that the left-hand side of (3.15) dehnes the graviphoton projector 

Ta = Ma — X’a-eL^ . (3.16) 

From the hrst of equations (3.6) it also follows that 

^■X'at.L^ = 0 , hiA = MAT.ff + diMAT.L^ (3-17) 

and therefore 

diMAT.L^ = (Mat. —Mat)!^ (3.18) 

by contraction with fF we get 

fjdiMATL^ = igij . (3.19) 


Taking the complex conjugate of (3.19) and using (3.15) it follows that 

TaL^ = -i . (3.20) 

which is nothing but (3.4). An alternative form for the Kahler potential is 

iF = - log iiMAT - Mat)X^X^ . (3.21) 

Duality transformations are now in Sp{2n + 2, Wi) and act on Fa as in the 
rigid case. The symplectic action on (L^^Ma) (or (X^,Fa)) is 

(m)’=(c d){m)=^{m) ■SeSp(2n + 2.K), (3.22) 


Then it follows, because of eq. (3.2) and (3.6), 


A 


fi 

hiA 


A Bjr\ (ft 

c dm {ft 


(3.23) 


which implies again (2.10). These two transformations laws imply the covariance of 
(3.6). 
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The symplectic action on is the same as on {L^,Ma), so eq. (2.8) 

is nnchanged. Therefore the discussion of the previous section on perturbative and 
non perturbative duality transformations in the rigid case remains unchanged when 
gravity is turned on. 


When the sections Fa) are chosen in such a way that a f un ction F exists*, 


from (3.4) and the degree two homogeneity of F it follows that |^][^ 


ImFAE = 0 , 


(3.24) 


so that the second of eq. (3.6) becomes hiA = Tae/^*- Furthermore from (3.11) and 
(3.24) it also follows 

= f.^fff^FAri: ■ (3.25) 

By the same token, we have 



(A 

tc dt ) {/>') ’ 


where F = Fae- Note that in these cases 


(3.26) 


2F{X) = FaX^ = 

2F + 2X^{C^B)IFj: + X^{C^A)ai:X^ + Fa{D'^B)^^F^ . 


(3.27) 


Note also that the homogeneity of F implies 

X = {AfBF)X, (3.28) 

where F = Fat, and 

F = {CfDF)X. (3.29) 

Special coordinates in supergravity are dehned by = X^/X^ since we now have 
a set of n + 1 homogeneous coordinates. If we assume that is an invertible 

matrix, then we may choose a frame for which = 5f. This is possible only 

if X^ are unconstrained variables and so Fa = Fa(W), which implies Fa = dAF{X) 
with F homogeneous of degree 2. 

* A resume of the duality transformations for this case, including the supergravity corrections 
has been given in appendix C of 
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We now discuss the possible non-existence of F{X). If we start with some special 
coordinates F\(X), it is possible that in the new basis the X^ are not good special 
coordinates in the sense that the mapping W —W is not invertible. This happens 
whenever the (n -|- 1 ) x (n -|- 1 ) matrix A -\- BF is not invertible (its determinant 
vanishes). This does not mean that X, F are not good symplectic sections since the 


symplectic matrix S 




is always invertible. It simply means that Fa 7 ^ 


Fa{X) and therefore a prepotential F{X) does not exist. However our formulation 
of special geometry never explicitly used the fact that Fa be a functional of the W’s 
and indeed the quantities (X^,Fa), /i^a), A/ae and Cijk^Qij are well dehned for 

any choice of the symplectic sections Fa) since they are symplectic invariant or 

covariant. For example, to compute the “gauge coupling” M in such a basis Fa) 
one uses the formula 


U{X,F) = {C + DU{X)){A + BU{X))-^ , (3.30) 

and expresses the X = X{X, F) by using the fact that the symplectic mapping can 
be inverted. All other quantities can be computed in this way. 


We will see the relevance of this observation in the sequel, while discussing low 
energy effective action of = 2 heterotic string. A simple example is the following. 
Consider F = iX^X^, leading to 


Af 



(3.31) 


This appears in the N = 2 reduction of pure N = 4 supergravity in the so-called 
5'0(4) formulation Consider now the symplectic mapping dehned by 


A = D = 


C = -B = 


(3.32) 


Then the transformation is 


A^ = -Fi 

Fo = Fo = A^ . 


(3.33) 


Using in the hrst line Fi — iX^ would lead to a non-invertible mapping A ^ A, and 
using (3.27) would lead to F = 0. One observes also that A -|- BF is non-invertible. 
However, A -|- BAf is invertible, and one obtains Af = zA^(A°)“^]l = zFi(A®)“^]l. 
This form appears in the N = 2 reduction of the SU{4) formulation of pure N = 4 
supergravity 1^. These two forms of the N = 2 reduced action and the duality 


transformation have been studied in [^| to relate electric and magnetic charges of 
black holes. 
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3.2 The fermionic sector 


As far as the fermions are concerned, the vector N = 2 multiplet is now 


. (3.34) 

The tensor 7^^ is still the same as in (2.30), and 

= VjL'" ; Pai = VjM^ . (3.35) 

Correspondingly, the gaugino Pauli terms have the form 

, (3.36) 


quite analogous to eq. (2.32). 

Gravitino Pauli and quartic terms are dehned by the formulas (2.21) 

and (2.28) with* 


Q^ = L 


A 


Pa = ATa 


(3.37) 


for the purely gravitino terms, in which case the index a of the general treatment is 
obsolete. For the mixed gaugino-gravitino Pauli terms we use 




gf = V-,L 


Pai = PjM A 
IJ flipper 


(3.38) 


and the index 7 plays again the role of a. The constants /c, ki and /c 2 should also 
be hxed by supersymmetry. So, as before, the unique quartic terms are generated by 
requiring duality invariance of the action. Of course many of these terms are absent in 
= 1 [0 theories because of the absence of the second gravitino. This is one of the 
differences between rigid supersymmetry and local supersymmetry. What happens is 
that in = 2 supergravity, one introduces an extra (|, 1) multiplet, with respect to 
the A^ = 1 case. This has the effect of having extra auxiliary helds in the supergravity 
multiplet 


V 


j p, 


A, 


- 


D 


(3.39) 


* The Kahler weights of the fermions are p = —p = ^ for ipfj,!, and p = —p = — ^ for The 
scalars and the fermions of the hypermultiplets, not discussed here, have respectively Kahler 
weights p = p = 0 and p = —p = — A. 
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other than the matter auxiliary held of the vector multiplet (traceless, real, 

symmetric in /J), = 1,2, i.e. a real SU{2) triplet. The meaning of the auxiliary 

helds is straightforward. The T’s correspond to the three auxiliary helds of a = 1 
vector multiplet and a chiral multiplet. The D auxiliary held gives the equation (3.4) 
(i.e (3.5)), is the graviphoton (symplectic invariant) combination of the gauge 
helds and Vj^ , are the composite SU{2) and U{1) connections 

of the quaternionic manifold and Kahler-Hodge manifold respectively. Note that 
comparison between = 1 and N = 2 theories shows that the spinors y* of the 
scalar multiplet and of the vector multiplet of the N = 1 theory are related to the 
doublet of the N = 2 theory by 

= ,A^ = /fy2. (3.40) 


3.3 The three—form cohomology 


We recall that special geometry in A^ = 2 supergravity, unlike rigid special ge¬ 
ometry, is suitable for three-form cohomology for Calabi-Yau manifolds. Let’s dehne 
a holomorphic three-form [25,^ 


O = AT^oa + F^(3- 


■A 


(3.41) 


where cka, (3^ is a 2n -|- 2 dimensional cohomology basis dual to the 2n -|- 2 homology 
cycles (n = ^ 21 ). O is a holomorphic section of a line bundle. Then it follows that if 
one dehnes 

(3.42) 


3 ^ =i / OaO>0 


then 


-i f ViVt A M ^ ^ f - 

Qi-j = —= —didjlogi / O A O > 0 . 


(3.43) 


i f Q A Q 

The (2n -|- 2) three-forms DjO, "D^O, O, O with the cohomology basis (cta,/?^) corre¬ 
spond to the decomposition 

H^(R) = + + . (3.44) 

Note that since O = (W^, Ta), then with /A = e^V^X^, hi^ = 

e^ViF^. The relations 

/0A0 = / OA AO = 0 (3.45) 
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are obvious since ViVt = diVt — ^ (9^0, 0)0. However the relation 


j 

^0 AT>iO = 0 , 

(3.46) 

which is suitable for three-form cohomology, implies 

n A difl = 0 , 

(3.47) 

i.e. 

B^X^Fa - B.FaX^ = 0 

(3.48) 

for any choice of the symplectic section. Eq. (3.48) is equivalent to 

X^V.Fa - V.X^Fa = 0 . 

(3.49) 


3.4 Duality transformations in = 1 locally supersymmetric Yang—Mills 
theories 


In Y = 1 super Yang-Mills theories coupled to supergravity duality trans¬ 
formations are implemented as follows. Dehne the symplectic Sp{2r) vectors 




dC 


dr, 


-A' 


(3.50) 


Wa = (A«,/AB(^)Af) 


where "^) is the vector held strength multiplet and fAsiz) is the holomorphic 




coupling introduced in ||^ , which depends on the scalars of chiral multiplets, and 
which plays here the role of77 ab in the general treatment of sections 2.1 and 2.2. Then 
the Y = 1 supergravity lagrangian is invariant under the symplectic transformations 


V^SV , U^SU , f ^ {C + Df){A + Bf)-^ , 5G5p(2,r;R). (3.51) 


This is best seen using the Y = 1 tensor calculus (or superheld) notation of ref. . 
The part of the action which contains the held strength chiral multiplet 


= T(V^V^) , 


(3.52) 


* We replaced the / in pQ] by 2if. 
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where T is the generalisation of to local snpersymmetry of the chiral projection DD 
(similar to the operation obtaining kinetic multiplets introdnced in |^^), can be writ¬ 
ten in hrst order form by introdncing an nnconstrained chiral mnltiplet and a 
(vector) real lagrangian mnltiplier Ua (fAB is a chiral snperheld) 

4Im W^VpUAe^^ \d +ifAB{z)W^W^e^^ \f . (3.53) 


Variation with respect to Ua yields the Bianchi identity 

, (3.54) 

which is solved by 

= T(V^V^) , (3.55) 

which leads to the original form of the action. The dnal form of the theory is obtained, 
in a manner analogons to the rigid case |^, by varying the same lagrangian with 
respect to W^. Dehning = T{VaUA)^ and nsing the fact that the hrst term in 

(3.53) can also be written as li;’, yields 

, (3-56) 


which implies the Bianchi identity also for The dual lagrangian is 




(3.57) 


This realises the symplectic transformation of (3.51) with B = —C = 1 and A = D = 

0 . 


A duality rotation is a symmetry if for some coordinate changes z ^ z {z is the 
hrst component of a chiral mnltiplet) 


IabC^ = fABi^ 


(3.58) 


and the superpotential W is a symplectic invariant section of a Hodge bundle, i.e. 


II W{I) f=11 W{T) 


(3.59) 
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where || W{z) |P = | W{z) p = e*^. In component form, we can exhibit the 
symplectic invariance of the gangino kinetic term and the Panli terms by noticing 
that they can be written as 

e-'£kin(A,A) 

e-'/:Pauii(V^, A) = Im {U^n{a^^rl^Vb(3^r^) (3.60) 

e“^£pauii(x, A) = Im idifAB>^aTf3^~^‘^^) 

where O is the symplectic metric ^ q ^ (snch that S^QS = O) and Vb is the bare 
V (only bosonic part). 

The {'ip, A) Panli term can be written in the form as in (2.21) and we identify in 
(2.26) the symplectic vector {Q,P) with Ua, and 

The last Panli term, e“^£pauii(X 7 A), has the form (2.21), with 

= \ddAB\lxl ■ 

This we rewrite in the form (2.26)nsing the following identihcations (note that 
(Im f)AB is the matrix of the kinetic terms of the vectors, and is thns invertible) 

Qi = (Im /)-' ; PAi^ = IabQI 

A-ria _ i ra i 

^/37 - ■ 

To prove that these (Q, P) form a symplectic vector, one nses the following relations 
(which are in general trne for /ab replaced by 7^ab)- 

f = (C + Df){A + Bf)-^ = + fD^) 

dj = DdJ{A + Bf)-^ -iC + Df)iA + Bf)-^BdJiA + Bf)-^ 

= iA'^ + fB^)-^dJiA + Bf)-^ . (3.61) 

Im / = (A^ + fB^)-\lm /)(A + BJ)-^ 

X = iA + Bf)X 

These formnlas then give antomatically qnartic fermionic terms as discnssed in sec¬ 
tion 2. 

We observe that the reqnirements for having symplectic transformations, (3.58) 
and (3.59), are in principle weaker than what is necessary to have an = 2 theory. 
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4 Duality symmetries 


4.1 The facts 


Duality transformations in generic N = 2 supergravity theories are a different 
choice of the symplectic representative Fa) of the underlying special geometry. 
If the helds have no electric or magnetic sources these dualities are sim¬ 

ply a different equivalent choice of sections {X^,F\) since they are dehned up to a 
symplectic transformation H []I8| . However if the gauge helds are coupled to (abelian) 
sources then duality transformations map theories into different theories with a du¬ 
ality transformed source. Since the matrix A/ae plays the role of a coupling constant 
it is clear that in perturbation theory the only possible duality transformations are 
those with 5 = 0 and have a lower triangular block form 


5 = 


A 


0 


C A'^-^ 


(4.1) 


Under such change, the action changes in a total derivative which, up to fermion 
terms, is 


C'{A, C)=CAlm F“^(C'^H)ae^“^ ■ (4.2) 

So the lagrangian is invariant up to a surface term. A duality transformation is a 
symmetry if 

Sf{X,F)=Af{X,F) . (4.3) 


If F\ = F\{X) this implies 


F(Jf) = F(X) . 


(4.4) 


Then using (3.27) we should have |]^[^ 


2F[{A + BF)X] = 2F + 2X^{C^ B)a^Fj: 

+ X^{C'^A)ai:X^ + Fa{D^B)^^F^ , 


which is a functional relation for F given A, B,C, D. Note that because of (3.27) it 
may happen that F(X) = 0. This is so when is invertible matrix. 
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4.2 Heterotic N = 2 superstring theories 


In = 2 heterotic string theories, as the one obtained by the fermionic constrnc- 
tion or by compact ideation on T 2 x one often encounters classical moduli spaces 
which are locally of the form||^ [|T3 [p] 

Oi^,nh) . . 

0(2) X 0(n„) 0(4) X 0(n;,) ’ ^ ^ 

where and nu are respectively the number of the moduli in vector and hypermulti- 
plets. If there are no charged massless hypermultiplets with respect to the gauge group 
U{lY, with r = riy, we may avoid holomorphic anomalies p3|^6| and the situation 
for this theory may be similar to the rigid Yang-Mills theory coupled to supergravity 
with an additional dilaton axion multiplet. According to the previous discussion, all 
perturbative duality symmetries are those for which the previous formula holds for a 
subgroup of lower triangular matrices 


1C 42 


A 

C 


0 ^ 
) 


(4.7) 


with A^C symmetric. 

The (r + 2) X (r + 2) block A contains the target space T duality and C contains 
the Peccei-Quinn axion symmetry [|^ (for the dehnition of S in the N = 2 context, 
see below) 

S^S + 1. (4.8) 

These are the tree level stringy symmetries of the massive states with M = \Z\ where 
Z is the central charge of the N = 2 supersymmetry algebra. If the number of 
T-moduli is r then the duality symmetries are in Sp{2r + 4; ^). 

An important point is that we would like to make the tree level (string) symmetry 
manifest. This means that the gauge fields 


= A = 2,...,r + 1 (4.9) 

{G^ is the graviphoton and the is the vector of the dilaton-axion multiplet) should 
transform in the 2 + r dimensional (vector) representation of the target space duality 
symmetry 


A' = AA] A^rjA = rj- ?7as = A)mfif(l, 1,-1,-1,...) , (4.10) 
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with A G 0(2, r; %). Under the axion Peccei-Quinn symmetry S' —S' + 1 


A^' = A 


A 


OAfii/ Gaiiu + ^AE-S, 




(4.11) 


where 


■A/ae(S + 1) = A/ae(S) + ?7AE • 


(4.12) 


This formulation is directly obtained by = 2 reduction of the standard form 

of the N = 4 supergravity action|]T^[|| with a moduli space of the type 
0(6,r)/0(6) X 0(r)/r and duality group P = 0(6, However to get this in 

a standard N = 2 supergravity form, one must introduce 2 + r symplectic sections 
Fa) (A = 0,1,..., r + 1) for which 0(2, r) is block diagonal and the S —> S + 1 
shift is lower triangular. This formulation can be obtained by making a symplectic 
rotation, with S given by 

from a representation in which only 0(2) x 0(r) is block diagonal [^, namely 


0(2, r): 

S^S + 1 : 


A 0 
0 r]Ar] 

1 0 
T] 1 


= SAiS-^ 


(4.14) 


= SA2S 


-1 


where Ai, A 2 are the matrices given in ref. [I7|. The new sections are given explicitly 
byeqs. (3.28),(3.29), 


X^ = ^(5a,:-Faj:)X^ 
Fa = -^(5AT. + Fat)X'^ , 


where the function 


(4.15) 


F = -JxfA/Xl f = 0,1; Q! = 2, ...,r+l 


(4.16) 


was obtained in ref. From (4.15),(4.16) one can verify that the X^,Fa satisfy 

the constraints X^ijatX^ = Fa77^^Te = X^Fa = 0. In particular, the new variables 
X^ are not independent. The previous constraints imply that we may set 


Fa = StiatX^ 


(4.17) 
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and from eq. (3.27) we find F{X) = 0. Note that this is precisely the case for which 
Fa = Fa{X^) does not hold. 

Since 0(2, r) is block diagonal, the new sections {X^,Fa) are 0(2, r) vectors. 
Recalling that the manifold o^)xO(r) described by the following eqnations 


= 0 

_ ^ 


(4.18) 


where are coordinates in OP(l,r), we may actually set 


= 




(4.19) 


The Kahler potential is 

K = - log z(X^Fa - Fa) = -logi(S - S) - log X^atJ^ ■ (4.20) 


Under S ^ S + 1 




h- 

Fa + rjAT.X^ 


(4.21) 


In the same basis the (non-perturbative) inversion S' —^ ^ is given by the symplectic 

/ 0 r]\ 

matrix I ^ ^ 1. This element, together with the one corresponding to S ^ S + 1 

generates an S/(2, TL) commuting with the 0(2r, TL) in Sp{2r + 4, !Z). The inversion 
is actually the only symmetry generator with B ^ 0. It leaves invariant (4.20) up 
to a Kahler transformation and it will be a symmetry of the classical spectrum (as 
it comes by truncation of the N = 4 spectrum [p!2| ) of electrically and magnetically 
charged states discussed in chapter 5 . 

The holomorphic sections X^ can be written as 


x^ = i^{i + yl),l{i 




(4.22) 


where the y°‘ are coordinates of the 0(2, r)/0(2) x 0(r) manifold. In terms of the $ 
variables the kinetic matrix A/ae turns out to be 1130 


ArAE(X) = iS- ^)($A$E + $A$e) + ^^AE , (4.23) 
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where $a = and we will also further raise or lower indices with rj. 


Notice that (4.23) cannot be computed directly from (3.9) since in the new basis 
the denominator identically vanishes. On the other hand, one can use the formula 
(2.10), which in our case becomes 

Ar(X,F) = (]l + Ar(X))(]l-Ar(X))-i (4.24) 


and substitute for the right hand side of the inverse transformations of (4.15) 


Fa 


■^(^AE + Sr]Aj:)X'^ 
■^(—^AE + Sr]Ai:)X^ . 


(4.25) 


Formula (4.23) is precisely what is obtained from N = 4 supergravity. Because 
of target space duality we expect that also the X-^, Fa become, because of one loop 
corrections, a lower triangular representation of Sp{2r + 4, Wi) 


f X^\ (A 0 \ f 

[fa)^[a^-^C A^-^)[fa) 


(4.26) 


where the matrix C comes from the monodromy of the one-loop term [0^. 


It is interesting to compute explicitly the coupling of the dilaton to the vector 
helds. The vector kinetic term is 


Im = -2Im + Re • (4.27) 

and, in particular, setting in (4.22) = 0, it becomes 

-2Im + F^F^) + Re SiF'^F'^ + F^F^ - F^F^) . (4.28) 

We see that the dilaton couples in a universal way to the vectors while in the topo¬ 
logical term we have a coupling with lorentzian signature. 
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4.3 Duality symmetries in > 2 supergravities 


The general considerations of section 2 about duality symmetries will apply to 
any higher N > 2 extended supergravity theory. Therefore, it is worth to briefly 
mention the implications of duality symmetries for some non-perturbative properties 
that these theories may exhibit. The important fact about N > 2 theories is that the 
scalar held space is (at least locally) a homogeneous symmetric space G/H, where 
G is some non compact subgroup of Sp{2n) {n is the total number of vector helds 
existing in the theory). H is its maximal compact subgroup, as it must be for the 
kinetic matrix of the scalar held space to be positive dehnite. 

On general grounds, we also know that the helds must belong to a 

linear representation of G which is given by the decomposition of the (2n-dimensional) 
vector representation of Sp{2n) under G. Thus, it is obvious that if this representation 
remains irreducible in G, the duality symmetry will necessarily mix electrically and 
magnetically charged states, since the Sp{2n) vector {n^rn) ~ cannot be an 

invariant vector of G. 


It is now a fact of life that the full duality (continuous) symmetry G of any N > 2 
theory has a 2n dimensional representation which remains irreducible under Sp{2n) 
(see table below [^). This immediately implies that, if we assume, as conjectured in 
ref. il. that the full G{'Ri) is a symmetry of the dyonic states, then G{7L) must be 
non-perturbative since the matrix B (see eq. (2.5)) in G{7L) will not be vanishing. 
N = 3, 5, 6 supergravities can be obtained as low energy limits of d = 4 string models 


50 


Another implication of this conjecture, for the case of = 4 theories, is that, 
as pointed out in ref. |^, the spectrum of the BPS states of the ten dimensional 
heterotic string compactihed on Tq should be identical to the spectrum of the same 
states for type II strings compactihed on x T 2 , since the full N = 4 BPS spectrum, 
invariant under S'/(2; ^) x SO{6, n —6; ^) is completely hxed by supersymmetry. This 
has the striking effect that at the non-perturbative level the type II theory should 
exhibit enhanced gauge symmetries equivalent to the N = 4 heterotic string*. 


* We acknowledge discussions with C. Hull on this point. 
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N 

G 

repr. 

3 

SU{3,n-3) 

(^c) 

4 

SU{1A) X ^0(6, n-6) 

(2,n) 

5 

SU{5,1) 

(20) 

6 

SO*{12) 

(32) 

8 

Ft {7) 

(56) 


Table: Representations of G for (F G'^)A=i,...,n in extended snpergravities 


5 On monodromies in string effective field theories 

5.1 Classical and quantum monodromies 


We have just seen that the tree-level values of the symplectic sections 


Fa(z)) are given by 




tree 


, Fa = Srj\j:X, 


tree ■ 


The target space duality group 0(2, r; 'E) acts non-trivially on them 
Tci : 


X^ 

Fa 


tree 


A 0 
0 rjArj 


Fa 


tree 


generalizing the action of the Weyl group of the rigid case . 
At the one loop level, one expects that F^^®® is changed to 


Ftree ^ SX^TJai: + / a (^) 


where /a(W) is a modular covariant structure. 


(5.1) 


(5.2) 


(5.3) 


The associated perturbative monodromy can be obtained assuming, according 
to ref. 0], that the rigid perturbative monodromy does not affect the gravitational 
sector X*^, X^, Fo, Fi. Thus the perturbative lower triangular monodromy matrix is 
TciT, where 00 

' il O' 


T = 


C il 


(5.4) 
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and C is an (r + 2) x (r + 2) symmetric matrix with non-vanishing entries on the r x r 
block 


C = 


/ 0 0 
0 0 
0 0 


V 0 0 


0 



bi = 1, 


(5.5) 


Indeed, we may think of decomposing 5'p(4 + 2r) into Sp{A) x Sp{2r) and simply 
assnme that the rigid monodromy G Sp{2r) co mm ute with the gravitational Sp{4) 
sector. This argnment shonld at least apply when the vectors of the Cartan subalgebra 
of the enhanced gauge symmetry belong to the compact 0{r) in 0(2, r). 


In string theory, the classical stringy moduli space corresponds to the broken 
phase U{iy of several gauge groups with the same rank. For instance, for r = 2, 
0(2, 2; !Z) interpolates between SU(2) x 0(1), SU{2) x SU{2) and 5'0(3)||^. In the 
N = 4 theory the 0(6; 22) moduli space corresponds to broken phases of several gauge 
groups of rank 22 such as, 0(1)® x x Eg or 5'0(32) x 0(1)® or 5'0(44) which are 
not subgroups one of the other |l39[] . 


It is obvious that generically this means that the one loop /3-function term ||^ 


should have non-trivial monodromies at the points where some higher symmetry is 
restored. For instance, for r = 2 we may expect non trivial monodromies around t = u 
{SU{2) X 0(1) symmetry restored) and t = u = i, t = u = {SU{2) x SU{2) or 

SU (3) symmetry restored) , t, u being the parameters dehned below. 


This means that in supergravity theories derived from strings, because of target 
space T-duality, the enhanced symmetry points are richer than in the rigid case. Since 
different enhancement points are consequence of 0(2, r; "K) duality, we expect that a 
modular invariant treatment of quantum monodromies will automatically ensure non 
trivial monodromy at the enhanced symmetry points. 


In the sequel we shall discuss in some more detail the classical and perturbative 
monodromies in the r = 1 case (0(2,1; %)) and the classical monodromies for r = 2 
(0(2,2;^)). 

Consider the tree level prepotential E in the so-called cubic form ||^ for 

SU{l,l) y 0(2,1) . 

(7(1) ^ 0(2) ■ 

F = ^(X®)2st2 ^ (5.6) 
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where s = ^ is the dilaton coordinate and t = ^ is the single modnlns of the 
classical target space dnality. We parametrize the 0(2,1; vector as follows 


X® = -(1 -t^) 

X^^-t {X^f + {X^f-{XY=Q (5.7) 

x2 = -i(l + t2) 


The symplectic transformation relating F\), (A = 0,1, 2) to the F\) where 
0(2,1) is linearly realized is easily fonnd to be 



Let ns now implement the t-modnlns 31(2^%) transformations t—|,t—+ n 
(note that while t ^ —j corresponds to the SU{2) Weyl transformation of the rigid 
theory, t ^ t + n has no connterpart in the rigid case, being of stringy natnre). Using 
the parametrization (5.7) we hnd 


t 


1 

t 


t 


t + n : 


-1 0 0 \ 

0 -1 0 = -?7 G 0(2,1;S) 

0 0 1 / 

/1 - — \ 

\ -n 1 n = U(n) G 0(2,1; S) . 

V ^ 1 + ^/ 


( 6 . 10 ) 


Note that (5.10) implies n G 2^, i.e. the snbgronp r(o)(2) of SL{2,'E). Actnally 
this gives a projective representation in the snbgronp in 0(2,1;S) of the matrices 
congrnent to the identity mod 2. 

It follows that Tci is generated by (ri,r 2 ) where 


Li 

r2 



M £Sp(6,S) 

,l/(2),)'^Sp(6.S), 


(5,11) 
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On the other hand it is possible to go to a stringy basis with a new metric Xq — 
= Xi + 2XY such that SL{2, Wj) is integral valued in 0(2,1; 'E). 

The 0(2,1; S) generators corresponding to translation and inversion are respec¬ 
tively given by: 

/I -2n 0\ /-I 0 0 \ 

0 1 0 ; 0 0 -1 . (5.12) 

\n -n^ 1J \ 0 -1 0 / 

To make contact with the rigid theory it is convenient to dehne the inversion 
generator in 0(2,1; E) with the opposite sign with respect to the previous dehnition. 

Let us now examine the perturbative monodromy matrices T. If we assume as 
before that the t ^ —j pertaining to the rigid theory does not affect the gravitational 
sector (X*^, X^, Fq, Fi), then we have 

0 0 0 \ 

000 (5.13) 

0 0 2 / 

corresponding to the embedding of the Sp{2, E) rigid transformations acting on the 
rigid section {X‘^,F 2 ) in Sp(6,E). Furthermore, considering the transformation of 
the A/ae rnatrix and setting D = A = r] , B = 0 we hnd 

A /22 = ~2 -(-A /22 (5-14) 

for all other entries A/ae = A/”^^. This is exactly the rigid result |l[]. However conju¬ 
gating the T matrix with r 2 one gets 



/ 8 -8 - 12 \ 

<Tae = -8 8 12 (5.15) 

\-12 12 18 / 

which shows that 0(2,1; E) introduces non-trivial perturbative monodromies for all 
couplings. The other perturbative lower diagonal monodromy is the dilaton shift 
(4.14) which commutes with 0(2,1; E). 
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Analogous considerations hold for 0(2, n; !^), n > 1. We limit ourselves to write 
down the generators of Fd for the 0(2, 2; %) case. We use the parametrization of 
0(2, 2)/0(2) X 0(2) given by 


V" = -(!-(«) 


V' =--(( + «) 

V" = -i(l + iu) 

X^=\{t-u) 


(5.16) 


(wO)^ + {x^f - {x'^Y - [x'^^Y = 0, 


'1\2 


2\2 


'3\2 


where t,u are the moduli appearing in the F function F = {X^Y f^ie same 

way as for the r = 1 case it is easy to hnd the symplectic transformations relating the 
sections of the cubic parametrization to the X^ dehned in (5.16). They are given by 


with 


W 

F 


x = {xYx\xYxY^ , f = (Fo,Fi,F2,F3)^ 


A B 
-B A 


X 

F 


(5.17) 


72 


It is convenient to use the string basis where the metric r] takes the form |T^] 

0 ^2x2 

^2x2 0 


/1 

0 

0 

0 \ 


-1 

0 


1 ° 

0 

-1 

-1 

, B = j - 

0 

0 

0 

0 

-1 

0 

0 

0 

V2 1 

0 

-1 

0 

0 

V 0 

0 

1 

- 1 / 


Vo 

0 

0 

0 / 


(5.18) 


V = 


(5.19) 


corresponding to the basis =F W^), -^{X^ =F W^). Then one hnds the following 

0(2, 2; !Z) representation 


ut 

t 




1 

ut 


t + n 


u : 


0 

-1 

e 0 
0 e 

0 e 
e 0 


— bui 


= It 


7ii 


N*(—n) 0 
0 N(n) 

a b 
b a 


= 'It. 


= 7 ; 


a = 


1 0 
0 0 


b = 


0 0 
0 1 


(5.20) 
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where e = 


1 o^)™dN(")=(J 1 

Fci is then generated by the matrices: 


r,,+ — 


'^ut 0 
0 '^ut 


; rt = 


7t 0 

0 7t 


• r = 

5 U 


lu 0 
0 7it 


• r = 

5 n — 


7n 

0 


T 

7-n 


(5.21) 

We note that the points t = u; t — u — r, t — u — e~ are enhanced symmetry 


points corresponding to SU{2) x U{1), SU{2) x SU{2), and SU{3) respectively 


Therefore we expect non-trivial quantum monodromies at these points according to 
the previous discussion. 


5.2 The BPS mass formula 

The classical and one loop monodromies are of course reflected in symmetries of 
the electrically charged massive states belonging to 0(2, n;^) lorentzian lattice [p9 
The BPS mass formula in the gravitational case is 


M = \Z\ = \nfL'' - n^iMAl = - nf^^FAl 

Note that the central charge Z has dehnite 0(1) weight 

2- ^ , 


(5.22) 


(5.23) 


while the mass M is Kahler invariant. The symplectic invariance of M also implies 


that transforms as 


n 


A 


n 


(m) 

(e) 


A 


A B 
C D 


n 


A 


n 


(m) 

(A 


A 


(5.24) 


where according to our previous discussion the perturbative symmetries have B = 0. 
Note that nf must satisfy a lattice condition. In the tree level approximation 


7m)’ '"A 
we may write 


the 

non-perturbative inversion S 


(5.25) 


which is invariant under the tree level symmetry S —>■ S' + 1, but also under the 

- ^ taking into account that 


K = — log i{S — S) — log 


X^X 


-7AS 


(5.26) 
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Formula (5.25) is therefore invariant under the S — T duality symmetry Sl{2-, %) x 
0(2, r; 7L) C Sp{2r + A-7L). 

The electric mass spectrum can be written as 

Mf. = , (5.27) 

(e) I I 2 z(^-^) A ^ ^ ^ 

where i{S — S) = ^ > Q and = $a^^ _j_ Formula (5.27) has exactly the 

same form as the analogous one obtained in = 4 (see ref [|^). When also magnetic 
charges are present, then 




1 7 - _ 

- Snt){-QK^ - ^QAE)(n| - Sn^) 
— o) 2 Z 


(5.28) 


where -M = 
Recalling that 


SS -Re 

-Re S 1 y)’^“V]l 0 J 

= ), this becomes 


and 


Q = i 






-^£i- K - - Sn^) 

t(S - S) 4 Im b 2 


(5.29) 


From this expression one can see that the antisymmetric term Q vanishes if 


(e) A AY' 

nX'=minA , = m2nj:rj 


(5.30) 


or, as it happens for the perturbative string, if no magnetic states are present (n)^ = 
0 ,n^ = tt-a). In such case eq. (5.28) becomes 

/rf2 

= ——^|mi - 5'm2p[nAnE(2Q^^ - . (5.31) 

oilTL O 

and since Im being the vector kinetic matrix, is always positive dehnite. 




n^n^?7AE < 0 (n^ A 0) 


(5.32) 
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As an example, take 0(2, 2; and look for solntions of (5.32) corresponding to the 
string condition n^n\ = —2 . Using the parametrization (5.16) we have 


uaX^ = noX^ + mX^ - n2X^ - n^X^ 

= J[(^o + n2) - (ni + n3)t - (ni - na)^ - (no - n2)tu] 


(5.33) 


Setting 
.0 


n“ + n^ = —p 2 V^ 
n^ + n^ = qiV2 

v} — = —piy/2 


nP — n 


PV 


n^'^UA = (n^ + n^) (n° — n^) + (n^ + n^) (rP — rP) = —2(p2'?2 + PiQi) = —2 
^ P 2 I 2 +Piqi = 1 

(5.34) 

we have 


1 


uaX^ = -^{-P 2 - qit + piu - q 2 tu) . 


(5.35) 


Let ns verify that at the three enhancement points we get the correct nnmber of 
massless states. If we take t = u (X'^ = 0) we hnd 

nAX^(t = u) = -^[-P‘2 - (?i -PiP - Q 2 P] 

^ q2=P2 = 0 qi =pi =±1 , 

yielding the two massless states (qi,q 2 ) = (±1,0). In particnlar, for t = n = t we 
have the solntions 


uaX^P = u = i) 


1 


P2 = q2 , qi= Pi 


[-P 2 +q 2 - (qi -Pi)i] 

, = 1 


(5.36) 


yielding the fonr states (qi, q 2 ) = (±1, 0), (0, ±1). Taking instead t = u — ^'^'<■0 (such 
that P = t), we get 


UAX^it = n - = 0 

^+^((li + (I 2 - Pi) - P2 = 0 , qi-q2-pi = 0 


(5.37) 


Pi = qi-q2 : P2 = q2 


qI + qI- Q1Q2 = 1 


- 35 - 



yielding the six states {qi, ^ 2 ) = (±1, ±1), (±1, 0 ), ( 0 , ± 1 ). As expected, these massless 
states together with the two original ( 0 , 0 ) states, £11 the adjoint representation of 
SU{2) (g) U{1) {t = u), SU{2) ( 8 ) SU{2) {t = u = i), SU{3) {t = u = 

Unlike in = 4 theories, in = 2 theories the qnantum spectrnm will not coin¬ 
cide with the classical spectrnm. It will be fonnd by snbstitnting FAtree = 

FAtree + quantum corrections in (5.22). 


6 Conclusions 


In this paper we have formulated electromagnetic duality transformations in 
generic F = 4 , A^ = 2 supergravities theories in a form suitable to investigate 
non-perturbative phaenomena. Our formulation is manifestly duality covariant for 
the full Lagrangian, including fermionic terms, which unlike the rigid case, cannot be 
retrieved from the A^ = 1 formulation, nor from the N = 2 tensor calculus approach. 
Particular attention has been given to classical T-duality symmetries which actually 
occur in string compactifications and whose linear action on the gauge potential fields 
do not allow for the existence of a prepotential f un ction F for the N = 2 special ge¬ 
ometry. As examples we described the “classical” electric and monopole spectrum for 
T-duality symmetries of the type 0(2, r; S), with particular details for the r = 1, 2 
cases, by using the N = 2 formalism. 


For “classical” monodromies this spectrum is of course related to the spectrum of 
N = 4 theories studied by Sen and Schwarz 0 . Possible extensions of duality sym¬ 
metries to type II strings have been conjectured by Hull and Townsend H and also 
discussed in |^. In the present context of A^ = 2 heterotic strings the corresponding 
type II theories, having N = 2 space-time supersymmetry would correspond to (2, 2) 
superconformal field theories, i.e. quantum Calabi-Yau manifolds. 


Due to the non-compact symmetries the BPS saturated states with non¬ 
vanishing central charges have a spectrum quite different from the rigid case. Indeed 
in rigid theories the “classical” central charge vanishes at the enhanced symme¬ 
try points where the original gauge group is restored since there is no dimensional 
scale other than the Higgs v.e.v.. On the contrary, in the supergravity theory the BPS 
spectrum at these particular points corresponds in general to electrically and mag¬ 
netically charged states with Planckian mass (black holes, gravitational monopoles 


and dyons) 


The only charged states which become massless at the 


enhanced symmetric point are those with 77 


AE„(e) (e) 

Ua Us 


< 0. 
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We also discussed perturbative monodromies and their possible relations with 
the rigid case. Non perturbative duality symmetries are more difficult to guess, but 
it is tempting to conjecture that a quantum monodromy consistent with positivity 
of the metric and special geometry may be originated by a 3-dimensional Calabi-Yau 
manifold or its mirror image. If this is the case this manifold should embed in some 
sense the class of Riemann surfaces studied]^ in connection with the moduli space 
of N = 2 rigid supersymmetric Yang-Mills theories. 
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